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Abstract
This paper discusses the empirical evidence of Tsallis statistical functions in the personal income distribution of
Brazil. Yearly samples from 1978 to 2014 were linearized by the q-logarithm and straight lines were fitted to the
entire range of the income data in all samples, producing a two-parameters-only single function representation of
the whole distribution in every year. The results showed that the time evolution of the parameters is periodic and
plotting one in terms of the other reveals a cycle mostly clockwise. It was also found that the empirical data oscillate
periodically around the fitted straight lines with the amplitude growing as the income values increase. Since the entire
income data range can be fitted by a single function, this raises questions on previous results claiming that the income
distribution is constituted by a well defined two-classes-base income structure, since such a division in two very
distinct income classes might not be an intrinsic property of societies, but a consequence of an a priori fitting-choice
procedure that may leave aside possibly important income dynamics at the intermediate levels.
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1. Introduction
The functional characterization of the income distribution in a population is an old problem in economics. Vilfredo
Pareto (1848-1923), widely acknowledged as the first to have studied this problem systematically, concluded that the
richest individuals in a society have their complementary cumulative income distribution function (see definition
below) behaving as a power-law [1], a result that so far has not been disputed by different studies made across a wide
variety of samples obtained at different times for different populations and in different countries or groups of countries
[2–13, and references therein]. Nevertheless, it has also been known for quite some time that for the vast majority of
the population, that is, for those who do not belong to the very rich, this Pareto power-law does not hold.
Several studies can be found in the literature, especially in the recent econophysical literature, with proposals
regarding the behavior of the income distribution of the whole population. Most of these studies leave the Pareto
power-law as the standard way of describing the income data segment formed by the very rich, but model the income
data segment formed by the less rich by means of functions like the exponential, the log-normal, the gamma function,
the Gompertz curve, as well as other functions [3–5, 7, 12, 13]. Such approaches have been successful in terms of
describing the entire data range, but on the negative side they require fitting the whole distribution with at least three
parameters. In some cases the number of parameters can go as high as five. In addition, by dividing the income
distribution in two segments one is in fact assuming that societies are fundamentally divided in two very distinct
income classes, one formed by the rich, encompassing about 1% of the population whose income is fitted by the
Pareto power-law, and another formed by the vast majority of people, the remaining 99%, whose income is distributed
according to other functions such as the ones mentioned above. This methodology raises the question of whether or
not such a class division is really an intrinsic feature of societies or just a result of fitting choices.
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A different approach for describing the income distribution was made by Borges and Ferrero, who fitted income
data using the Tsallis functions instead of the ones mentioned above and described the personal income distribution
in terms of Tsallis’ q parameter. Borges [14] fitted the income data to two power-law regimes in two slopes, where
one q parameter controls the slope of the first, intermediate, power-law regime and the second q parameter describes
the tail of the distribution. In this way he was able to describe almost the whole spectrum of the county distribution
of the USA from 1970 to 2000, Brazil from 1970 to 1996, Germany from 1992 to 1998 and United Kingdom from
1993 to 1998, concluding that in the case of the USA and Brazil an increase in q along the time indicates increasing
inequality, since greater values of q imply greater probability of finding counties much richer than others.
Ferrero’s [15, 16] use of the Tsallis functions to the income distribution problem showed to be possible to employ
only one q parameter for the whole income distribution range of a country. He fitted income data from the UK, Japan,
New Zealand and USA, although the samples were limited to specific years only: 1996 for New Zealand, 1998 for
UK and Japan, and 2001 for the USA. So, differently from Ref. [14], his analysis did not provide indications about
the time evolution of the q parameter, although he concluded that for the first three countries q is close to 1.1 whereas
it produces q = 1.29 for the USA, a result which seems to support Borges’ conclusion that q grows in parallel with
inequality, since among these countries the USA has the highest Gini coefficient.
In this paper we deal with this old problem from the perspective of Tsallis functions in an approach that combines
and expands the analysis of both authors above and reinforces them on the empirical side. We propose using Tsallis
statistics to represent the income distribution of the entire income data range, from the very poor to the super rich, by
a single function, that is, without assuming a class division. We applied the Tsallis q-logarithm to the entire income
data of the Brazilian individual income distribution yearly samples from 1978 to 2014 using the same data reducing
techniques previously applied in other studies made with the personal income data of Brazil [3, 4, 11]. This allowed
us to study the time evolution of a single q parameter along a time span of almost four decades for the entire income
distribution of a whole country, providing then new evidence of Tsallis functions’ ability to adequately represent
personal income of a whole country.
Our results show that Brazil’s complementary cumulative income distribution can be linearized by the q-logarithm
and fitted by using only two parameters. For Brazil q ranges from 1.19 to 1.54 and fluctuates with a period of
approximately 3.5 years. Both fitted parameters also present a cycling behavior in terms of one another similar to
the cycles obtained in Ref. [11] through a substantially different analysis where the method of describing the income
data range with two functions was applied. In addition, we noted a second order effect, not previously reported in the
study of any other income samples, comprised of a periodic oscillation along the fitted straight line whose amplitude
grows with increasing income values. Although such an effect can indeed be noted after a careful observation of other
income distribution studies made in different samples of different countries using the method of dividing the income
data in two domains [3, 5, 7, 10], it seems that it has not been previously reported because this effect only becomes
clearly visible when one fits the entire income distribution range and reaches data values belonging to the very rich.
So, dividing the data in two functionally distinct domains seems to obscure this periodic oscillation.
Considering that the entire income distribution range can be fitted by just one function using only two parameters,
a well-defined two-classes-base income structure implicitly assumed when the income range is described by two
distinct functions may be open to questioning. The point here is that such income-class division could possibly be
only a result of fitting choices and not of an intrinsic property of societies. Although the Tsallis distribution is known
to become a pure power-law for large values of its independent variable x, and exponential when x tends to zero,
this is not the same as assuming from the start a two-classes approach to the income distribution problem because
the Tsallis distribution will only have power-law and exponential like behaviors as limiting cases. Thus, a possible
complex behavior at the intermediate level might not be described by neither of these functions. Hence, the Tsallis
distribution does not necessarily imply in two very distinct classes based on well-defined income domain ranges, but
possibly having an intermediate income range of unknown size which might behave as neither of them. Although
there may be sociological evidences for this two-classes approach, from an econophysical viewpoint, that is, from
a modeling perspective, this is an a priori division because there is not yet a clear dynamical justification based on
any known econophysical mechanism for doing that. So, from a dynamical viewpoint such a class-based analytical
approach might be a result of a purely fitting procedure. It seems that this situation can only be clarified once we have
a full dynamical theory for the income distribution, theory which is still lacking.
This paper is organized as follows. Sect. 2 presents the Tsallis functions and some results based on them required
in our analysis. Sect. 3 presents and discusses our fitting results with several graphs. Sect. 4 presents our conclusions.
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2. Tsallis functions
The Tsallis statistics is based on the q-logarithm and q-exponential functions, defined as follows [17, 18],
lnq x ≡
x(1−q) − 1
1 − q
, (1)
eq
x ≡
[
1 + (1 − q)x]1/(1−q). (2)
For q = 1 both functions become the usual logarithm and exponential, that is, e1x = ex and ln1 x = ln x. Hence,
Tsallis q-functions are in fact the usual exponential and logarithmic functions deformed in such a way as to be useful
in Tsallis’ theory of nonextensive statistical mechanics [18]. Nevertheless, they are not the only way of deforming
these two common functions in order to suit specific applications, which include, among others, the personal income
distribution. Another way of doing this is by employing the κ-generalized exponential, which was in fact advanced
as a single function capable of fitting the whole income data range as, similarly to the Tsallis q-functions, it has the
exponential and power-law as a limiting cases [19]. Since it has been extensively studied elsewhere in the context of
income and wealth distributions [20–22] we shall not deal with it in this paper.
From their very definitions, it is clear that,
eq
( lnq x) = lnq(eqx ) = x. (3)
In addition, lnq 1 = 0 for any q. So, if there exists a value x0 such that x/x0 = 1 then lnq(x/x0) = 0. Two other
properties of the q-exponential useful in the present context are written below [23],
[
eq
f (x)] a = e a f (x)
1−(1−q)/a
, (4)
d
dx
[
eq
f (x)] =
[
eq
f (x)]q
f ′(x) . (5)
3. Income distribution
Let F (x) be the cumulative distribution function (CDF) of individual income, which gives the probability that an
individual receives an income less than or equal to x. Hence, the complementary cumulative distribution function
(CCDF) of individual income F(x) gives the probability that an individual receives an income equal to or greater than
x. From this it is clear that F (x) + F(x) = 100, where the maximum probability is normalized as 100% instead of the
usual unity value. These functions have the following approximate boundary conditions [3, 4], F (0) = F(∞)  0 and
F (∞) = F(0)  100. Besides, dF (x)/dx = −dF(x)/dx = f (x) and ∫ ∞0 f (x) dx = 100, where f (x) is the probability
density function (PDF).
The connection of the Tsallis functions with income distribution comes from the realization that when F(x) is
plotted in a log-log scale, its functional behavior of decreasing values as the income x increases is very similar to the
behavior of eq−x for q > 1 also plotted in a log-log scale (see Fig. 3.4 of Ref. [18]). In addition, the Tsallis functions
behave as a power-law for high income values, that is, at the tail of the distribution [15]. So, this suggests that we can
describe the income distribution by means of the following expression,
F(x) = A eq−Bx, (6)
where A and B are positive parameters. Considering the boundary condition F(0) = 100 one can straightforwardly
conclude that A = 100. Hence, substituting this result into the expression above and taking the q-logarithm we obtain,
lnq
[
F(x)
100
]
= −B x. (7)
Considering Eqs. (4) and (5), the corresponding PDF yields,
f (x) = 100
B
(
eq
−Bx
)q
=
100
B
(
e
−qBx
2−1/q
)
. (8)
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Eq. (7) clearly goes through the coordinate’s origin if we remember the properties of the q-logarithm outlined above.
So, the data fitting problem is then reduced to finding only two parameters, q and B. This has been done for all
Brazilian samples constituted by a time span of almost fours decades, as explained in what follows.
To calculate the optimal q parameter, it is important to bear in mind that every yearly sample from 1978 to 2014
produced an empirical set of n observed income values xi, (i = 1, . . . , n) and their correspondent CCDF Fi = F(xi). To
find the optimal q parameter for a specific yearly dataset {Fi, xi}, we assumed that in each annual sample the optimal q
lies in the interval [−10, 10] and then ranged it with steps of ∆q = 0.003. Hence, we generated another set of m values
q j ( j = 1 . . . , m), fitted a straight line to the specific dataset under study for each q j to obtain the correspondent fitted
parameter B j. In this way each year produced another set of m quantities {q j, B j}. For each pair of values q j, B j we
defined the following residue,
R j(q j) =
n∑
i=1
[
lnq j
(
Fi
100
)
+ B j xi
]
. (9)
In view of Eq. (7) the ideal q implies in an ideal B and in turn they both produce zero residue. So the pair of parameters
that produces the minimum residue value R j are the optimal q j and B j of the sample. Finding the optimal pair of
parameters is an extremum problem, which means that the optimal pair q j, B j produces the minimum R j and that
corresponds to the maximum value of the second derivative d2R j/dq j2. By following this procedure computationally
we were able to find the best fit for both q and B in each year for all our samples. The step interval ∆q gave us a rough
indication of the uncertainty in the optimal q and the error in B had been previously obtained from the usual linear fit.
Figs. 1–6 show graphs of Brazil’s CCDF linearized, straight line fitted according to Eq. (7) and plotted against the
income x. The fitted parameters are summarized in Table 1. It is clear that the q-functions are very successful in fitting
the whole distribution, and it is also clear that there is another, second order, effect consisting of a periodic oscillation
of the data along the fitted straight line. This effect has not been reported before in income distribution studies,
perhaps because it only becomes clearly visible when one fits the whole data range as the amplitude of the oscillation
grows with the income. It becomes more prominent at the tail of the distribution, that is, where it behaves more as a
power-law. Actually, this oscillatory behavior can indeed be observed once one takes a careful look at previous studies
of income distribution made with different samples at different time periods and using different methodologies, since
even low amplitude oscillations are also present at very low income data. This can be verified, e.g., in Figs. 8 and 9 of
Ref. [3], at insets of Figs. 1 and 2 of Ref. [5], and in Fig. 27 of Ref. [7], although none of these studies have actually
reported the presence of this periodic oscillation in their data.
Fig. 7 shows the time evolution of both q and B along the time span of this study. There is a clear periodicity in their
temporal variation, with maxima appearing from 2 to 5 years, actually at about 3.5 years on average. Such periodicity
in both parameters is not a novelty as far as Brazilian income data are concerned, since it has also appeared in other
treatments even when different methodologies were applied [3, 4, 11]. Hence, it is conceivable that those different
methodologies could be unified with the present one by means of possible relationships of the parameters used in
those different studies.
Fig. 8 shows both parameters plotted in terms of one another. Although the points present some dispersion, there is
a tendency for B to grow linearly with q, although this pattern is unrelated to time. This tendency can be better seen by
a straight line weighted fit to the data, shown as a dashed line in the figure, which indeed indicates a growing pattern.
However, a time related pattern does appear in Fig. 9, where the data were divided in three time intervals, 1978–1989,
1990–2001 and 2002–2014, so that this pattern becomes more clearly visible. By following the points chronologically
along the dashed lines a cycle appears, mostly clockwise, but with a few anti-clockwise turns. What is striking about
these plots is their similarities with the ones discussed by Moura Jr. and Ribeiro [11] where a clockwise cycle is also
present in their study, although this was a result of an analysis employing an entirely different methodology (see Fig.
3 of Ref. [11]). Fig. 10 shows the same results but in three dimensions where the fitted parameters evolve along a
helix like line.
These results taken together do seem to indicate a nontrivial dynamics in the income distribution evolution whose
origins are still basically unknown, although Ref. [11] provided some possible indications of its origin. More studies
are necessary in order to better understand the dynamical significance of the periodic oscillation along the fitted q-
logarithm (Figs. 1–6), their periodicity (Fig. 7), time unrelated growth pattern (Fig. 8), temporal cycling features (Fig.
9) and helical like evolution (Fig. 10). Nevertheless, since some of these features can be observed in different samples
of different countries whose data were fitted by different functions by means of different methodologies, this indicates
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Table 1: Fitted values of the parameters of Eq. (7) for Brazilian income data from 1978 to 2014.
year q(±0.003) B
1978 1.397 0.484 ± 0.065
1979 1.322 0.421 ± 0.067
1981 1.235 0.994 ± 0.034
1982 1.418 2.462 ± 0.088
1983 1.238 0.838 ± 0.050
1984 1.253 1.124 ± 0.034
1985 1.241 0.779 ± 0.039
1986 1.382 1.234 ± 0.112
1987 1.424 2.133 ± 0.095
1988 1.247 0.838 ± 0.044
1989 1.397 1.342 ± 0.058
1990 1.490 3.312 ± 0.155
1992 1.415 1.737 ± 0.113
1993 1.397 1.564 ± 0.070
1995 1.244 0.846 ± 0.039
1996 1.238 0.799 ± 0.045
1997 1.361 1.627 ± 0.075
1998 1.328 1.369 ± 0.033
1999 1.301 1.250 ± 0.043
2001 1.187 0.549 ± 0.055
2002 1.352 1.676 ± 0.059
2003 1.292 1.229 ± 0.038
2004 1.292 1.216 ± 0.045
2005 1.382 1.910 ± 0.108
2006 1.229 1.032 ± 0.047
2007 1.349 1.414 ± 0.077
2008 1.313 1.298 ± 0.060
2009 1.511 4.551 ± 0.271
2011 1.379 2.033 ± 0.081
2012 1.538 3.089 ± 0.335
2013 1.265 0.998 ± 0.068
2014 1.265 0.958 ± 0.067
that these effects are real and deserve further investigation.
4. Conclusions
In this paper we have used the Tsallis functions q-exponential and q-logarithm to describe the personal income
data of Brazil. Yearly samples from 1978 to 2014 were linearized using the q-logarithm and fitted to a straight line,
providing then a single function representation of the whole distribution using only two parameters. A second order
effect not previously reported was clearly noticed in the form of a periodic oscillation of the data around the fitted
straight line, whose amplitude steadily grows with increasing income values to finally become clearly visible at the tail
of the distribution. In addition, the fitted parameters tend to grow in terms of one another, growth which is unrelated
to time, but they do present a time related feature since they cycle chronologically in terms of one another in a general
clockwise pattern with a few anti-clockwise turns.
As mentioned in Sect. 1, the Tsallis functions have been previously used by Borges [14] and Ferrero [15, 16] to
describe the personal income distribution, although the former applied them only to the intermediate and tail portions
of the distribution of county income data, whereas the latter was applied to samples derived from the income of whole
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countries, but limited to some specific years only. Here we applied the Tsallis functions to the entire population of
Brazil for a time span of almost four decades and fitted the functions to the whole distribution, without subdivisions.
However, some of the conclusions reached here are similar to the ones reached by these authors, particularly the
suitability of the Tsallis functions to adequately describe the income distribution of a population and that an increase
of the q parameter seems to imply greater inequality. Indeed, since Brazil has in general higher values for both the
Gini coefficient and the q parameter as compared to the ones produced by the countries studied by these authors, USA,
New Zealand, UK, Japan and Germany, these two coefficients seem to behave similarly: higher values of q appear to
imply greater income distribution inequality.
Notwithstanding, the observed oscillatory behavior in the linearized complementary cumulative data distribution
is a new effect which ought to be considered in future studies of income distribution. It is known that power-law like
distributions, which behave as pure power distribution for large values of the independent variable x and exponential
for x → 0, can be identified with the Tsallis distribution as given by Eq. (6). The nontrivial aspect of this distribution
is that in different parts of the space defined by the variable x one finds the dominance of different dynamical factors.
In addition, as discussed by Wilk and Włodarczyk [24], there are experimental results and empirical observations
that can be described by a Tsallis distribution and which exhibit log-periodic oscillations, such as earthquakes [25]
and stock markets near financial crashes [26–29] to name just two of these observed structures [see Ref. 24, and
references therein]. The point is that such oscillating factors are visible in these processes, but are somehow hidden
in the distribution given by Eq. (6). When taken into account, such oscillations usually “decorate” the PDF (8)
by multiplying it with some log-periodic oscillating factor. What is interesting in the approach of Ref. [24] is that
such oscillations are introduced into Tsallis distributions by allowing the q parameter to become complex. This
happens at the cost of introducing further parameters in the description, but that seems inevitable since such weak,
but persistent, oscillating structures in the data indicate that the system under study has scale-invariant behavior and
their presence imply into the existence of important dynamical features hidden in the fully scale-invariant description.
The consequences for considering these oscillating features into the income distribution problem are still unknown,
but if the work of Ref. [24] could be taken as a possible template on how to look at this problem they may imply in
important constraints on the underlying income distribution dynamics. Moreover, considering that periodicities do not
appear only along the distribution, but are also present in the fitted parameters themselves once they are related to one
another, as shown by their chronological cycling behavior along their time evolution, all these features taken together
clearly indicate the existence of a nontrivial income distribution dynamics whose origins are unclear and, therefore,
deserve further investigation.
Finally, these results bring further questions about the traditional way of representing personal income data by
splitting them in two segments, one for the very rich, described by the Pareto power-law, and another for the rest of
the population, described by other functions. Such a segmentation forms the basis of the claims that societies are
fundamentally structured in a two-classes-income system. The point is that if only one function is able to describe
the whole distribution, albeit this function tends to the exponential at low income values and power-law at large ones,
such a very well defined class based structure might not be the single most essential feature of societies, but might
have its prominence as just a result of a fitting methodology. Hence, there might be an intermediary income range
of unknown size whose dynamics may be crucial in the understanding of income dynamics. The point here is that
although there may be sociological evidence for a two-classes approach, it might be argued that societies usually
have a third, intermediate, middle income segment, known generically as “middle class”, whose dynamics, that is,
whose income structure evolution, possibly oscillates between two extremes and be responsible for such oscillatory
behaviors. These points may only be clarified once one has a full dynamical theory of income distribution, theory
which is still lacking.
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Figure 1: Graphs of the linearized CCDF against the income x according to Eq. (7) of the yearly samples of Brazilian personal income data from
1978 to 1984. The income x is given in terms of the average income of the respective year, that is, a value of, say, x = 10 means 10 times the
average income [see Ref. 3]. One can observe that the data oscillate around the fitted straight line with an amplitude that steadily grows with
increasing income values.
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Figure 2: Continuation of the previous graphs with data from 1985 to 1990.
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Figure 3: Continuation of the previous graphs with data from 1992 to 1998.
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Figure 4: Continuation of the previous graphs with data from 1999 to 2005.
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Figure 5: Continuation of the previous graphs with data from 2006 to 2012.
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Figure 6: Continuation of the previous graphs with data for 2013 and 2014.
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Figure 7: Plots of the parameters q (top) and B (bottom) in terms of the time span of the samples in years as given in Table 1. It is clear that both
parameters oscillate periodically with maxima from 2 to 5 years interval. The oscillation period is about 3.5 years on average and the maxima and
minima of both B and q mostly coincide, a fact which suggests a pattern between them (see Fig. 8 below).
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Figure 8: Graph of B vs. q with error bars in B. The plot suggests the existence of a linear growth pattern between the two parameters. Although
labels indicating the correspondent year of each point were omitted to avoid image clutter, this growth pattern seems unrelated to time evolution.
The dashed line is a weighted (in B) linear fit to the points in the form B = aq + b, having the following fitted parameters: a = 4.86 ± 0.88 and
b = −5.13 ± 1.13.
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Figure 9: These graphs are a different way of representing the points shown in Fig. 8 above. Here the axes are inverted, showing a q vs. B plane,
and, to avoid image clutter, the time interval was broken in three segments, from 1978 to 1989 (top), 1990 to 2001 (middle) and 2002 to 2014
(bottom). The dashed lines connect the points chronologically and a pattern appear in the form of a general clockwise cycle without a single center
in all plots, but having a few anti-clockwise turns. On the bottom graph, the points representing the years 2003 and 2004 are close enough to be
almost superimposed. The same happens to 2013 and 2014.
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Figure 10: Three dimensional plot of q vs. B vs. year that summarizes the results of Figs. 7–9 in addition to showing a helix type line evolving
mostly clockwise at increasing time in the z axis, according to the left hand rule. All points are numbered in ascending chronological order and
connected by a red line in order to make the helical like shape evolution visible. The points representing the years 1978, 1990, 2002 and 2014 are
explicitly indicated for additional clarity. The graphs of Fig. 7 appear in blue and in inverted order on the xz and yz planes. All plots of Fig. 9
appear together projected in the xy plane, where one can also distinguish the growth pattern discussed in Fig. 8.
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